Abstract-A theoretical model is proposed to describe experimental data on the magnetorheological prop erties of magnetic fluids containing clustered particles consisting of single domain ferromagnetic nanoparti cles distributed in a polymeric shell 80-100 nm in diameter. These fluids combine the sedimentation stability typical of nanodisperse ferrofluids with the high sensitivity of rheological parameters to magnetic fields. The developed model explains the experimentally found long term rheological relaxation and residual stress that is retained after the medium ceases to flow. DOI: 10.1134/S1061933X13050190 
INTRODUCTION
The possibility of controlling the properties and behavior of fluids and polymers by means of magnetic fields allows one to obtain new solutions for a number of applied and engineering problems. All natural liquid media are diamagnetic; hence, they interact very poorly with magnetic fields. Magnetic control over their behavior requires the generation of strong fields, which is associated with significant technological dif ficulties. The possibility of using fairly weak and mod erate fields, the generation of which requires no bulky and expensive setup, is of greatest interest for practi cally important applications. Artificially synthesized suspensions of magnetic particles, which are usually referred to as magnetic fluids (ferrofluids), are materi als that can be easily controlled in weak fields.
The particle diameter in typical ferrofluids varies within 7-20 nm. Strong magnetorheological effects are only observed in these systems at low shear rates [1] . In suspensions of microsized magnetic particles, strong rheological effects are observed within a broad range of shear rates; however, these suspensions are unstable with respect to sedimentation. Rather rapid sedimentation of massive non Brownian particles onto the bottom of a container degrades the techno logical properties of these suspensions. The problem of synthesizing magnetic fluids that would combine the sedimentation stability of typical ferrofluids with pronounced magnetorheological properties has existed for rather a long time. Magnetic fluids consist ing of iron oxide nanoparticles assembled into clusters 80-100 nm in diameter by means of polymer shells have turned out to comply with these requirements [2, 3] . Clustered magnetic fluids are a promising material for a number of modern technologies. Figure 1 shows a schematic representation of mag netic clusters. Each cluster consists of single domain nanoparticles distributed in a polymer shell. Micro graphs of these clusters have been given in [2] . Ferro magnetic nanoparticles form the magnetic core of a cluster, which is surrounded with a pure polymer layer. It should be mentioned that the scheme shown in Fig. 1 is a strongly idealized one. Real clusters have irregular shapes and broad size distributions. The aver age diameter of a cluster with a polymer shell is ~80-100 nm, while the size of the magnetic core is ~50-70 nm. Volume fraction of a magnetic material ϕ in clustered magnetic fluids that have been synthesized at present is approximately 0.1% [2, 3] .
Experiments conducted with stationary flows of clustered magnetic fluids [3] have showed that the vis cosity of these systems can increase by approximately two orders of magnitude in magnetic fields. Data on the shear stress relaxation in clustered fluids after a sudden change in the shear flow rate have been reported in [4] . The experiments were carried out in a rotational rheometer equipped with a cone-plane measuring unit, into which a magnetic fluid was placed. The design and principle of operation of such rheometers can be found in [1] .
In the experiments, magnetic field was imposed in parallel to the rotation axis of the rheometer, i.e., in the direction of the flow velocity gradient of the mag netic fluid. The design of the rheometer made it possi ble to promptly start and stop the cell cone, i.e., to force the fluid to either begin or stop flowing almost instantaneously. Figure 2a illustrates the experimental time depen dences of shear stress measured after a clustered magnetic fluid is stopped at different magnetic field strengths. The experimental data show a long term stress relaxation with a characteristic time of several dozens and even hundreds of seconds. Note that the relaxation times of ordinary ferrofluids with the same low concentrations of the magnetic phase are approx imately 10 -5 -10 -4 s [5, 6] . The existence of a residual stress is an unexpected effect that has been revealed in these experiments and was not observed for the other types of magnetic fluids. As can be seen from the time dependences of the stress (Fig. 2a) , after the magnetic fluid ceases to move, stress tends to a nonzero final value. Residual stress remained preserved in the course of the experiments, which lasted several hours.
The goals of this work were to theoretically explain the physical nature of the observed relaxation phe nomena and develop a model for the rheological prop erties of the clustered ferrofluid.
PHYSICAL MODEL Strong rheological effects in magnetic fluids usu ally arise due to the aggregation of particles into heter ogeneous structures stretching along the applied mag netic field (e.g., see [1, [6] [7] [8] [9] ). These structures typi cally look like linear chains or large droplets. Unfortunately, there is no reliable theory that would allow one to answer the question of the conditions under which chains rather than large clusters arise in a magnetic fluid.
The problem becomes still more complex for the clustered fluids under consideration due to the irregu lar shape and polydispersity of the clusters, as well as a rather wide size distribution. In order to maximally simplify the analysis and obtain physically observable results, let us consider the model of identical spherical clusters shown in Fig. 1 .
The stationary magnetoviscous properties of clus tered magnetic fluids were quantitatively described in [3] based on a model that implied the aggregation of clustered particles into linear chains with their lengths H σ σ σ r being considerably shorter than the thickness of a measuring unit (i.e., the channel in which the mag netic fluid flows). Therefore, here we also assume that such chains predetermine macroscopic stress at σ , the viscosity of the carrier liquid is η 0 = 0.1 Pa s, the hydrodynamic cluster diameter is D h = 90 nm, the hydrodynamic particle diameter is d h = 21.5 nm, and the magnetic diameter of a particle is d m = 17.5 nm.
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Meanwhile, it is clear from physical considerations that a constant residual stress can emerge only under the condition that some structures block the flow in channel and interconnect the opposite walls of the channel after the movement of the channel wall is stopped. If the axes of these structures are tilted with respect to an external field, the arising moments of the magnetic forces tending to rotate these axes toward the orientation along the field will generate a mechanical force applied to the channel walls. The physical nature of the residual stress must be identical to the nature of the development of elastic shear forces in a magnetic suspension placed into an external field. The review of the studies devoted to describing the elasticity effects of magnetic suspensions and determining their static yield stresses can be found in [9] .
The gaps in the measuring units of rotational rhe ometers are 1-2 mm wide. Since a clustered particle is 100 nm in diameter, a linear chain blocking the mea suring unit is believed to contain more than 10 thou sand particles. It is unrealistic that such long chains can be formed. Hence, static residual stresses can only result from the formation of dense large aggregates. These aggregates have been repeatedly observed in various magnetic fluids and suspensions [9, 10] placed into external magnetic fields.
Thus, experimental data [3, 4] indicate that clus tered particles may aggregate into both linear chains and dense large "droplets." Aggregates of the first type are responsible for the magnetoviscous and relaxation effects under the conditions of a developed flow of the medium, while the aggregates of the second type give rise to the appearance of static residual stress. The for mation of different types of aggregates can be related to the polydispersity of clustered particles. In an exter nal magnetic field, the energy of magnetic interaction between the majority of clusters can be sufficient to cause the formation of chains but insufficient for the appearance of large aggregates. The interaction between relatively few large clusters can be sufficiently strong to provide formation of dense bulky structures. This point of view is supported by the known fact that, as the magnetic field strength is elevated, the initial formation of linear chains is followed by their conden sation into dense phases (see [9, 11] ).
CHAIN SHAPED AGGREGATES
In this section, we shall consider chain shaped aggregates resulting from coalescence of magnetized clustered (composite) particles.
By neglecting the interaction between nanoparti cles in a composite particle, its magnetic moment γ m c can, as a first approximation, be estimated using the Langevin formula:
where is the number of nanoparticles in the mag netic core of a cluster, is the magnetic moment of a particle, is the Langevin function, is the mag netic permeability of vacuum, H is the magnetic field strength, and is the absolute temperature expressed in energy units.
Strictly speaking, this formula is believed to com prise the magnetic field inside a cluster. However, the internal field cannot be reliably calculated for irregu larly shaped clusters. Calculation of this field for a model spherical cluster is cumbersome and yields uncontrollable divergence between the calculated field and the field inside a real irregularly shaped cluster. Therefore, we shall consider field H as an averaged magnetic field in the ferrofluid in order to maximally simplify the calculation. Since, in the case under con sideration, concentration of ferromagnetic particles is low, the field inside the ferrofluid is approximately equal to the imposed external field.
Langevin formula (1) for the magnetization of an ensemble of ferromagnetic particles is exact when the interparticle magnetic interaction is negligible. It is well known that this formula underestimates the mag netization of concentrated systems of interacting fer roparticles. Nevertheless, in order to avoid cumber some expressions when estimating the viscosity of a ferrofluid and obtain estimates of the magnetization of the cluster core with an accuracy on the order of mag nitude, we use the simplest Langevin law (1) .
Number of nanoparticles in a cluster can be estimated as where is the particle volume concentration in the magnetic core of a cluster; is the volume of a cluster magnetic core; and is the hydrodynamic volume of a nanoparticle as determined with allowance for the stabilizing surface layers, which prevent the particles from coalescence under the action of dispersion forces.
The electron micrographs [2] indicate a dense arrangement of nanoparticles in the core of a clustered particle. This fact allows us to use estimate ≈ 0.5-0.6.
The estimates indicate that the interaction between the magnetized clusters and imposed field H is consid erably stronger than the interaction between the clus ters in a chain. This is why, similarly to many other models of chains in magnetic suspensions (see, e.g., [8] , and review [9] ), it is assumed that magnetic
moment of a clustered particle in a chain is equal to the moment of an individual one. In other words, the effect of the magnetic interaction between clustered particles on their magnetic moments is neglected.
In compliance with approach [12] , let us consider a chain consisting of magnetizable clusters, the mag netic moments of which are oriented along the imposed field (Fig. 3) . Under the action of hydrody namic shear forces, the axis of the chain deviated from the field direction by angle After the flow is stooped, i.e., at γ = 0, the depen dence of total macroscopic shear stress σ on time t in the suspension of the chains can be represented as fol lows [13, 14] :
where Here, and are the symmetric and antisymmetric components of the stress, respectively; is the maxi mum number of clusters in an intact chain; is the moment of magnetic force acting on the chain; is the number of particle chains per unit volume; is the viscosity of the carrier liquid;
is the hydrody namic volume of a cluster; is the hydrodynamic diameter of the cluster; is a coefficient determined in the Appendix; and is the angle between an n par ticle chain and the direction of the external magnetic field axis.
Maximum number of clusters in an intact chain is determined, first, by the balance between force of the magnetic attraction between the clusters in the chain and hydrodynamic force that disrupts this chain. Second, it is determined by the balance between hydrodynamic moment that tends to cause deviation of the chain from the direction of the magnetic field toward the direction of the medium flow and magnetic moment of force that tends to orient the chain along the field. Analysis shows that the hydrodynamic force tending to disrupt the chain has a maximum near the middle point of the chain [1, 8] . The development of the expressions for is presented in [8, 12] . In the denotations used in [12] , they appear as follows: 
Here, is the dimensionless energy of the dipoledipole intercluster interaction. Note that expressions (3) correspond to the approximation in which the field inside a clustered particle is equal to external field H and its magnetic moment is oriented along the exter nal field.
Equating magnetic moment of force to hydro dynamic moment of force and magnetic attracting force to hydrodynamic disrupting force we obtain the following set of equations for angle and number Under the inertia free approximation that is valid for real types of the motion of submicrosized particles, a balance occurs between the magnetic moment of force and the hydrodynamic moment of force which are acting on the chain:
After the macroscopic flow is stopped (i.e., at ), the moment of the hydrodynamic force is determined by the angular rate of rotation of the chain rather than the shear rate of the suspension. There fore, in formula (3) for hydrodynamic moment of force , shear rate should be replaced by Taking into account this replacement and equating the magnetic and hydrodynamic moments, we obtain the equation for angle (6) Let, before the flow is stopped, i.e., at the angle between the chain axis and the direction of the magnetic field be equal to
The value of this angle can be determined from the first of Eqs. (4):
The solution of Eq. (6) with initial condition (7) has the following form:
Here, has the meaning of the relaxation time. 
Taking into account relation (2), the expressions for symmetric and antisymmetric components of stress can be written as follows:
The function of distribution over the number of magnetizable particles in a chain was assessed in [12] and successfully used in [3] to describe stationary magnetoviscous effects in magnetic fluids containing clustered particles.
Using the results of [12] , we obtain the following:
where is the Lagrange factor, which is determined from the normalization condition, Here, is the hydrodynamic concentration of clus ters in a ferrofluid.
The experimental and theoretical time depen dences of the stress after the instantaneous termina tion of the flow of the clustered magnetic fluid are shown in Figs. 2a and 2b . At rather short and interme diate (~100 s) times t elapsed after the termination of the flow, the experimental and theoretical results are in rather good agreement. This finding testifies that the finite rate of variations in angle θ of the orientation of the chain with respect to the field is adequate to the observed relaxation phenomena. Note that other physically possible microscopic mechanisms respon sible for the stress relaxation in magnetic fluids have been discussed in review [9] .
The experimental and theoretical behaviors of stress differ significantly from each other at longer times t. According to the experimental data, stress tends asymptotically to finite value at ; how ever, the chain model predicts that will tend to zero.
As has been mentioned above, finite residual stress can be related to dense large aggregates, which are formed along with the chains. When the flow is 
stopped, these aggregates can block the measuring cell and generate stationary stress BULKY AGGREGATES Dense large aggregates consisting of magnetizable composite particles become oblong in a magnetic field. As a first approximation, these aggregates can be considered ellipsoids of revolution.
A theory of static mechanical stress generated by a system of ellipsoidal aggregates that block the channel of a measuring unit was developed in [15] (see also [9] ). According to this theory, stress σ arising in a mag netic suspension at stationary shear can be written as follows:
Here, F and V are the free energy and volume of a magnetic fluid and θ is the angle between the axis of an ellipsoid of revolution and the direction of a magnetic field.
In uniform external magnetic field H, the free energy of the magnetic fluid containing large aggre gates can be represented as [15, 16] ( 9) where Here, is the projection of the total magnetic moment of the suspension onto the axis of the mag netic field (z axis), N a is the number of large droplets in the system, and is the projection of the magnetic moment of a large aggregate onto the axis of the mag netic field. The value of can obviously be resolved into components and that are parallel and per pendicular to the ellipsoid axis:
The components of the magnetic moment of the ellipsoid of revolution can be expressed via magnetiza tion components and volume of the ellipsoid of revolution as follows:
The following important relations result from [16] : (12) Here, and are the components of the mag netic field strength inside a large droplet; n || and are
which can be numerically solved.
By combining Eqs. (9)- (11) and (15), we obtain the following expressions for energy F and static resid ual stress :
where Here, is the hydrodynamic volume concentration of large droplets and p is the fraction of the magnetic material in the large clusters.
Stress σ as a function of has maximum at some shear value According to the theory [15] , corresponds to the static yield stress of the magnetic fluid. When the external shear stress exceeds the system of aggregates cannot statically compen sate for this stress, so the magnetic suspension starts to flow, which is accompanied by detachment of aggre gates from the channel walls. Under the impact of the flow, the aggregates strongly deviate from the direction 
of the magnetic field, which is perpendicular to the channel walls; hence, the projections of their axes onto this direction become smaller than the channel width.
After the flow is stopped, the aggregates are ori ented in parallel to the field and block the experimen tal unit. As a result, residual stress arises. The mechanism of the emergence of the residual stress is illustrated in Fig. 4 .
If the disruption of the large aggregates in the mov ing magnetic fluid is ignored, the residual stress must be equal to If the aggregates are disrupted under the flow conditions and become shorter than those at the onset of the movement, the residual stress must be somewhat lower than the static yield stress.
Experimental data on the static yield stress and residual stress are shown in Fig. 5 . It can be seen that the static yield stress does somewhat exceed the resid ual stress; however, they are of the same order of mag nitude. Unfortunately, a commonly accepted theory of the disruption of bulky clusters in magnetic fluids under the conditions of a shear flow has not been developed. In order to obtain physically clear results, we ignore the disruption of these aggregates in the moving medium. The foundation for this is the close ness of the measured static yield stress and residual stress.
Experimental and theoretical residual stress values are compared in Fig. 6 . The only fitting parameter p has been used in the calculations. The theoretical results shown in Fig. 6 correspond to value p = 0.12, which indicates that the majority of the clustered par ticles are assembled into chains and only a small por tion of the particles form large aggregates. This result confirms the previous assumption that the rheological properties of a magnetic fluid in the state of a devel oped flow are mainly determined by chain shaped aggregates, while the bulky structures are responsible for the appearance of the static yield stress and the residual stress.
Thus, total macroscopic stress in a clustered magnetic fluid results from the formation of linear chains and dense large aggregates. Chain shaped aggregates, which determine the magnetoviscous and relaxation effects, play the predominant role in the course of stationary flow and immediately after the flow is stopped. Droplet aggregates, which predeter mine the static residual stress, play the key role at appreciably long times after flow cessation. The mea surement results and theoretical calculations of the total macroscopic stress in the suspension after the flow is stopped are illustrated in Figs. 2a, 2c , and 7. When plotting the dependences shown in these fig ures, we were guided by the following considerations. If the stress caused by the chain shaped aggregates was stronger than that due to the droplet aggregates, only the chains were taken into account. On the contrary, if the stress caused by droplet aggregates was stronger than that provided by chain shaped aggregates, only the droplet ones were considered. Although complete agreement between the theoretical and experimental data has not been achieved, the data coincide with each other in order of magnitude, this attesting to the general adequacy of the proposed model.
The stress values shown in Fig. 7 are in good agree ment with the experiments carried out at low shear rates but differ considerably at s -1
. The reason for this discrepancy remains to be clarified, which requires not only theoretical, but also additional experimental studies, to be performed. However, it should be noted that, at s -1
, the theoretical results also correlate with the experimental ones in order of magnitude. With allowance for the irregular shape of composite particles used in the experiments and the wide scattering of their sizes and contents of ( )
single domain ferroparticles in them, a more exact coincidence between the theoretical and experimental data can hardly be expected.
CONCLUSIONS
Magnetic fluids containing clustered particles combine the sedimentation stability with high sensi tivity of rheological parameters to magnetic fields. Experiments have demonstrated that the rheological properties of the cluster fluids are distinguished by a number of significant features, namely, a long term stress relaxation and a residual stress emerging after the flow is stopped.
The observed effects can be explained under the assumption that the clustered particles are capable of forming both chains and dense large aggregates. In a well developed flow, both the chains and ellipsoidal droplets are tilted at a certain angle to the external field. The tilt angle is determined by the combination of the moments of the hydrodynamic and magnetic forces acting on the aggregates. Chain shaped aggre gates have the predominant effect on the rheology of the examined fluid under the flow conditions; after the flow rate is changed, the finite rate of variations in the orientation angle of the chains causes the effect of the long term stress relaxation that have been observed.
After cessation of the flow, the large droplets tend be oriented along the field, thus blocking the channel and generating a constant residual stress. The pro posed model, which is based on the aforementioned assumptions, quantitatively describes the experimen tal results on the order of magnitude. 
